We see that allowing for the effect of gradients of transport velocities in a rarefied gas has led to the
appearance of additional terms in the dissipation function, each coinciding in structure with the term T divV,,
while the remainder have a more specific form. When there are considerable gradients of transport velocities
over the volume elements, the contribution of the terms with coefficients g and y will be appreciable. Even
in the case of an incompressible gas the dissipation energy due to the specific terms can be appreciable.
Clearly, one must take account of this kind of variation of the dissipation function, due to volume elements, in
the case of gases and liquids which have a complex microstructure. '

NOTATION

V, total molecular velocity vector; u, v, w, components of the molecular velocity describing an ordered
motion; £, 1, £, components of the molecular velocity describing a random motion; p, pressure; p, density;
uy, vy, Wy, components of the hydrodynamic volume element; T, temperature; g, ¥, R, constants.
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EXERGY REPRESENTATION IN THE THERMODYNAMICS
OF IRREVERSIBLE PROCESSES

G. P. Yasnikov and V. S. Belousov UDC 536.70

It is proposed to use the exergy of a system as the thermodynamic Lagrangian. The correspond-
ing variational principle is formulated and its relationship to other variational principles of non-
equilibrium thermodynamics is demonstrated.

For constant parameters of the surrounding medium the exergy is a function of the thermodynamic state
[1, 2] and in general depends on the generalized coordinates and velocities x;, x1 For the case of flux the
exergy may be expressed in the form of two alternative forms (Euler and l.agrange) [3]:

8E — 8EX 1+ 8K, 1)
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SED = 8] — T,8S. (2

For a stationary system
8E = 8U — T 0S8 + p,dV. (3)
If a certain system is not in equilibrium with the ambient, it may do work
6L — — 8 — BL*. (4)
This work reaches a maximum when the transition of the system into equilibrium with the ambient is not ac-
companied by any dissipative processes (0L* = 0), i.e., when it is reversible:
8L, = — OF. (5)
The quantity 6Ly ax Was used by Landau and Lifshits to construct a theory of thermodynamic fluctuations and
to analyze the conditions of stability and a number of dissipative processes [4]. Integrating Eq. (4) with re-

spect to time, we may write down the following variational condition:
iy
\’ (55 - N\ 5L,) dt =0. . . (6)
< i '
The sum on the left-hand side includes the work of the external fields and the dissipaﬁve forces (exergy losses
¢L*) and may be represented as follows:
3oL, = X Qbx,. (7)

For purely mechanical systems 6EL) = 0 and the exergy in the Euler form coincides with the kinetic energy
of the macroscopic motion of the system (1). In this case the variational condition (5) gives the expression
for the Hamilton principle in analytical mechanics [5, 6]:

_ﬁ:aK + oL} dt =0, (8)

from which the Lagrange equations follow. For a system in external conservative fields the integrand in (8)
equals the Lagrange function & =K-IL

For a stationary thermodynamic system without dissipation (6L* = 0) Eq. (8) takes the form

t2
| 8Edt = 0. ()

Iy
Assuming that E = E(S, V), U =U(S, V) and allowing for (3), we may evaluate oE:

SE — (.9”_) 65 — L) 6V —T8S + bV = (T —T0)8S = (p, — p) V. (10)
s ) Tl

Since 6E does not depend on the time, while the integration range t,—~t, is arbitrary, Eqs. (9) and (10) yield
the conditions of thermodynamic equilibrium of the system: p=pj,, T = T;. It is easy to show [4] that ’E >0
and that in a state of equilibrium the function (3) has a minimum,

The deviation of the entropy of the system and the ambient from the maximum value at equilibrium is
[4]

Defining the thermodynamic forces in the usual way [7], with the aid of Eq. (11) we may express these in
terms of the exergy of the system:

x o908 1 Oy, 1 9E (12)
: o, T, o, T, ox
Thus, the derivative ’
oE
—TX =0,
ax 84* i Qz (13)
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defines certain thermodynamic forces in the exergy representation. By varying (11) at constant ambient tem-
perature

8E = 8(AE) = —TSAS (14)

and substituting 6E into the variational condition (6), we obtain

I
[[8(—a8) + ¥ Xbx, |dt=0. - (15)
Equation (15) represents the variational priﬁcibie of Bakhareva [8]. After giving detailed considera-

tion to the mechanical analogs of nonequilibrium thermodynamics [9], Bakhareva chose —AS as the thermo-
dynamic Lagrangian.

Since AS = f(zj), the variational principle (15) only describes inertialess processes. There is no analog
to the kinetic energy in this case. In this sense the construction of (6) is more general, since the exergy of the
system may include the kinetic energy, so that in principle inertial effects may be taken into account. Thus,
the variational condition (6) may be used to describe thermomechanical processes.

By way of example, let us consider the motion of solid particles in a field of gravitational forces and a
resistant medium at constant temperature,

The system of Euler—Lagrange equations for the variational condition (6) with due allowance for (7)
takes the form
d OJE oE
i Ton,  ox
We shall consider the medium and the particle as a single adiabatically insulated system. In accordance with
(1) the exergy of this system is »

=Q,. (16)

E=E®(x)+K(x) an
The gravitational force acting on each particle may be represented as follows:
o
Q=— 3 (18)
1.

T

Substituting (17) and (18) into (16), we obtain

d oK , om _ -
dt ax-i ] axi Qly (19)

where aE(L)/ ax; = Q;‘ in accordance with (13) constitutes the resistive force of the ambient. Introducing the
Lagrangian & =K—1I into (19), we obtain the Lagrange equation in the ordinary form [5, 6]:

4 9% 9 _ Q; . (20)
dt  dx; dx;
It was shown in [9] that for the adiabatic system
0aS _ afD 1)
5xh axk
where & (kk) is the scattering function or the dissipative function in the entropy representation.
Multiplying both sides of (21) by T, and allowing for (12)-(14), we obtain
dE 0AS o of .
0x; ’ Ox, ° ox, ox; Q 22)
(f = ®Ty). Substituting (22) into (20), we obtain the Lagrange squation for the particles in the form [4]
4 o o _ o (23)
dt  ox, 0x; 0x;

£3 11
In order to write down the variational equation analogous to (6) for continuous systems, the parameters of
which form corresponding scalar, vector, and tensor fields, we differentiate (4) with respect fo time, assum-

ing that there is no distinct external object of work (6L = 0):

SE + 8L* = 0. (24)
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Remembering that

E = | pedv, (25)
vV
i*={fav, (26)
v
we put (24) in the form
5 | (e~ Hdv = 0. (27)
v

By way of illustration, let us apply the variational condition (27) to the description qf heat conduction in a
solid, We write down the balance equation for the exergy:

pé = —divJ, — o, (28)
The sink og, the dissipative function f, and the ﬂux?e with due allowance for [2, 7] may be expressed in the
form .
- -1 1 = SR _Iqj (29)
o, =T, q'V?» f:_é‘Tquq<V?) ; Je—( T "
We set down the identity
- T — - - I L - T — >
diVJe=diV(l——Ti\JJq:—TOJq‘V—T—“—V' Jq"——% V'Jq. (30)

Substituting ¢ and :I’e from (29) into (28) and then (28) and f from (29) into (27) and using the Gauss—OQOstro-
gradskii equation, we obtain

-

a{j‘[%&*.'}q—:-%TOLW("V’%)"]W—(PF d }:0. @1
; S

In (31) we shall only vary with respect to 1/T, considering that O_J: =0 and 1/T does not vary along the
boundary. Expressing the V-Jq in (31) on the basis of the first law of thermodynamics

o

or - >
N (32)
pCy ot v q
and carrying out the variation operation, we obtain
r or | > = 1y I
7o (oo G = (1as¥ ) |0 (57 v o (33
14
It follows from (33) that
oT - -]
—_— = yg. L _ 34
pC, EY, \Y qu T ( )
or in the usual representation A = quT"2
aT -_ -
pe, =V-(AvT).

From the variational condition (27) it is easy to transform to the Gyarmatis variational principle [7].
For this we differentiate (27) with respect to the ambient temperature:

a - of
8 ' dv = 0. (35)
j[m;“*an]
¥
From (3)
We .
T = P (36)

The derivative /8T, is equal to the scattering function [7]

of
aT,

= o, X), (37)
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since f= Ty®(X, X). From the entropy balance equation we may write p 5 as

ps = —v-d,+0, (38)
Substituting (36), (37), and (38) into (35) and usihg the Gauss—Ostrogradskii theorem, we obtain
M&m+omw—§hﬁbm. @9
Variation at constant fluxes gives the Gyarmatis principle [7] in the form
s§ fo, — @}V =0 @0y
or, if we substitute (36) and (37) into (35), A
8 { 10§ — @14V =0. | (41)

14

In conclusion, we note that in [10], Bakhareva made a detailed study of the analytical relationship
between the variational principle (15) and other variational principles of nonequilibrium thermodynamics.
Since we may transform from (6) to (15), it is clear that the exergy representation also has a connection with
the other variational principles of Onsager [7], Biot [11], and Siegler [12]. Finally, in [13, 14] irreversible
processes are described by means of the Gibbs potential, the variation of which coincides with the variation of
the exergy provided that the temperatures and pressures of the system and medium are equal.

NOTATION

E, E(L), total exergies of the system in the Euler and Lagrange forms, respectively; L, Lyax, Work
done by the system and maximum work of the system; U, I, S, V, total internal energy, enthalpy, entropy,
and volume of the system; e, s, specific exergy and entropy; K, I, kinetic and potential energies; £,
Lagrangian; L*, exergy losses; Q, X, generalized forces in the exergy and entropy representations; &, f,
dissipative function or scattering function;j'q, Te, 3’5, flows of heat, exergy, and entropy; e, 0g, specific
powers of the exergy and entropy sources; Lqg, phenomeno}ogical coefficient; A, thermal conductivity; cy,
specific heat of the system at constant volume; p, density; xi, %;, generalized velocities and coordinates; t,
time; p;, T, ambient pressure and temperature.
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